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Perturbation Theory Using a Reduced Set of States
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Department of Physics, Brandeis University, Waltham, M assachusetts
(Received 23 August 1962)

A method is given whereby a second-order calculation of the energy due to a perturbation H,n of the zero-
order Hamiltonian H,+H,+H., can be evaluated approximately using only the eigenstates ¢, and relaxa-
tion times 7.,. As an example the Ruderman-Kittel formula for the exchange-type coupling of nuclear spins

is re-evaluated.

I. INTRODUCTION

HERE are a number of examples in the litera-

ture!=® of perturbation theory being employed
using eigenfunctions arising from only part of the
unperturbed Hamiltonian. It is the purpose of this note
to investigate the error involved in this procedure.

To have an example in mind, we examine the model
of exchange-type coupling of nuclear spins in a metal.!
The interaction can be thought of as arising from an
electron scattering from one nucleus followed by a
scattering from the second nucleus. In the previous
calculation! account was not taken of the possibility
of phonon scattering. With this in mind, it is clear that
for distances where there is a finite chance of phonon
scattering the interaction given in reference 1 is
modified.

II. GENERAL FORMULATION

We repeat the calculation using as our basic states
the eigenfunctions of the total Hamiltonian which can
be schematically written as

H= Helectron+ thonon+ Helectron, phonon. (1 )

The perturbation is the Fermi contact hyperfine
interaction*

Helectron, nucleus= Zj Zi<87r/3)li'5ia (r:i) (2)

of the conduction electrons with the nuclear spins.
Including a temperature average over the initial states
the second-order correction to the energy is given as

AE,= 2 am e"E"'/"T(m/He,l/n)(n/Hm/m)/

(Em—En)y (3)

where the prime indicates m##n. Equation (3) can be
rewritten as

o 1/21m o
A 2——W£mm e cm (m/H,,./n)(n/H,,./m)

X[1/(En—E.—i€)+1/(En—En+ie)]. (4)

* Work completed during the summer of 1962 under the general
research budget of Lockheed Missiles and Space Company, Palo
Alto, California.
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3 H. Suhl, Phys. Rev. 109, 606 (1958).
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Using the alternative forms
1 0
- =i/ eixt—etdl’ (5)
X—1€ 0
1 0
S / e, ©)
x+1ie 0

Equation (4) can be further rewritten as

i/2 * _ _
/ Tr{e HKTgiHIME], ¢~ HURE], ot
0

e~

_e—H/lcTe—iHttheneth/hHene—et}dt_ (7)

AE,=——
TreH/*kT

Now in the standard way we can write®

ei(H¢+Hp+Hep)t/h=eiH,t/heint/h(;(e’P,t), (8)
where

t

Glepl)=1+41 [ e iHet'Ihg=itpt'[h

0
X H ope'Het 1P Bl IG (e, p,0)dt!, (9)

and
¢ At Hp) Uh = F (¢, 1) e~ iHetlhg—iHptlh (10)
where
t
Fe,p,t)= 1—@'[ giHet IhgiHpt![h
0
X H  pe~Het' Ihg=iHo' IR (¢ p t)dY. (11)
Substituting Egs. (8)-(11) into Eq. (7) one has
G/2) = N
AEy=—-—— / Tr{e HIkT¢iHetlhgiHotIAG (¢, p.1)
Tre-HT |,
€>0
X H.oF (e,p,t)e i Hetibe—iHptIA [, g—ct
- —H/kTF(e,p’t)e—il{gl/he—intlh
X H one'BetiteiBoti3G (o, p ) H et} dt.  (12)

Before taking the trace over the phonon coordinates an
approximation is made by writing

e HIkT — e—H./kTe—lekTG(e’p’_,i/kT) ze—H,/kTe—Hp/kT.

5 R. Karplus, Phys. Rev. 73, 1027 (1948).
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The effect of this approximation is to slightly mis-
calculate AEs, but for our purposes this effect is un-
important for it is the same for any two nuclei irre-
spective of their distance apart. Next, the trace is
taken over the phonon coordinates simplifying Eqg.
(12) to

@/2) 7
Al,= — Tr, 3 {e HelkTg—Er/kTgiHotit
0 p,p’
€>0

X{(p/G(epl)/p'YH en(p'/F (ept)/ p)e ! " H ene™!
_eng/kTe—Ep/kT<p/F (ept)/P/>e—£H,t/h
X{(p'/G(ept)/pyH ene=*'}dt.  (13)

The most general matrix element of Eq. (13) in the
electron representation includes three different sets of
intermediate electron states. We only sum over those
intermediate states for which G and F are to be con-
sidered diagonal in the electron representation. For
those familiar with the Wangness-Bloch® derivation of
the spin-density matrix equation this is equivalent to
keeping the diagonal relaxation terms and neglecting
the off diagonal as being shorter. The result is that

(i/2)
Tre #/*T
X(€'/Hen/e) I (ep/G/p'e)e'p'/F/pe')e Fo/MT

0

— z e——EglkTe—-i(E¢—~E¢')tlhe—et<e/He"/e’>

0 €€

X!/ Hon/ ) 5 (ep/F/p'e)

Lo =

2

0
‘/ Zp.e,e~EelkTei(E¢—Eu)I/he—e!<e/Hen/e’>
0

><<e’p’/G/pe’>e—Ev/kT]dt. (14)

As is shown in the Appendix we can approximately set

2w (e7EoMT/Tre Ho¥ ) (ep/G/p'e)
X{(e'p'/F/pe/)=e I,

which simplifies Eq. (14) as
) [<e/Hw/e'><e'/Hen/e>e—E-f”
Tre—HelkT e,¢ i(Ee—E)h—1/7
_ (e/Hen/e/><e’/Hen/e>3_E°/kT:l’ (16)
—i(Es—E)/h—1/7

(13)

5

2

where ¢ ¢* has been dropped as r assures the vanishing
of the integral at the upper limit. Equation (16) is, of
course, just the form one might have “guessed” to
have been correct.’

¢ R. K. Wangness and F. Bloch, Phys. Rev. 89, 728 (1953).
7V. Weisskopf and E. Wigner, Z. Physik 63, 54 (1930).
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III. APPLICATION TO RUDERMAN-KITTEL FORMULA

The Ruderman-Kittel formula! is now corrected as-
suming Eq. (16) is the correct form of second-order
perturbation theory. They showed that their formula
can be written as proportional to

km 3 k'eik'Tdk'
kR —_—
/_ ke dk[P.P.][ f_ e

m gk R
- f ——} (17
—km k/2__k2

where kn is the Fermi momentum, R is the distance be-
tween nuclear sites, and P.P. means principal part.
Including the effects of scattering, we can rewrite
this as

k' eix Bdk

km 0
Re/ ke“‘R[/ —_—
—km o B2—k2—18?

bn Be Rl
- / — ]dk, (18)
—km k’Z_ kZ_,I‘lSZ

where 2= 2m/hr and Re mean real part.

The first integral in the brackets can be integrated
by the method of residues and the second integral can
be shown to be zero. The result is that Eq. (18) becomes

1
—2mkn? / v sin (vknR)
0

—_ka (64 k 4+ 4\1/2 1/
X exp | ———[ (/knt-+v4)1/2—1]2
exp[ L o)) }

R
Xcos{\—/—ZR[(B‘/km“—i-w“)”?-{—v?]”z]dv. (19)

Some numerical evaluations of Eq. (19) are given in
Fig. 1. Tt is clear from the form of Eq. (19) that for a
nonzero § and large R the interaction is much weaker
than for §=0—this is just another way of saying that
for large R the electron most certainly has scattered
before it has reached the second nucleus.

IV. CONCLUSION

It has been shown that one can take partial account
of the missing states when doing perturbation theory
with a partial set of states. The method has been
applied in detail to the exchange-type coupling of
nuclear spins in a metal' where the effect is expected to
be the most apparent.

SuhB® has calculated, by second-order perturbation
theory, the exchange-type coupling of nuclear spins in
a ferromagnet. His result modified to include scattering
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(b)
Fic. 1.

fo=[(Eq. 19)/ —2wkn>]s-0

fi=[(Eq. 19)/ —2kn*Jp~0.002,

where 8=62/k»2. The value of 8 is approximately correct for Li
at room temperature. Right-hand scale should read 1072

and

is
—A2S a [ Ry
H 1= S —exp ———[/1_*.(‘/12_}_32)1/2]1/2}
Sg“ﬁHex #i Ry; 1 V2
Xeos| L H (A BYYE 10, (20)
V2 |
where

A=H;,/a®H x, B= (gugH xa*r)7},

and the rest of the symbols are defined in reference 3.
Suhl’s original result is obtained by letting B— 0.

In semiconductors? the added effect of scattering on
the nuclear exchange-type coupling is small as the band
gap already provides a large exponential damping.

APPENDIX
In Eq. (13) it is written that
S0 P (ep/G/pONP /) ) Tre it

~e T,

(A1)

KAPLAN
To see this we must expand Eq. (9) as,

t
e—ngt’/he~—int’IhHepeiHal’/heint’/hdt/

Glepl)=1+i f

0

t
_/ e—iHet‘/hHepengl’/fxeint’/hdt’
0

tl
X / e——ngt"/he—int"IthpeiH,t"/heiH,;t”/hdt//
0

+higher order terms, (A2)

and take Eq. (A2) between the states ep and ep’, the
result is that

(ep/G/ep")
a1 t’
=0pp— 2 dt’/ ar’
e, p"’ 0 0
X i (e e BB )= e H oy ¢ D)5
~+higher order terms. (A3)
Writing
(Eo— Eor+t Ep—Epi)=AL, (A
one has that
t t’
/df// di e—AEW—t") [k
0 0
1—cosAEt/h  sinAEt/h {
—_ i 5

(AR | (AE)Y/#* AE/%

Noting that (1—cosAE?),/hi(AE)* % behaves as a

delta function with respect to integration over E and

that the complex part of (A5) is odd with respect to E

we see that Eq. (A1) becomes approximately
1=t/ 2r—t/27 - - =e7 7,

(A6)

where

1/7_2 2 Z Z e—Ep/le <€P/Hep/6”1>”>] 2//
e'’ pp’’

Tre—Ev/*T,

(A7)



